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With Formal Concept Analysis surveys are analyzable in
the way that a meaningful picture of the answers of the
interviewed persons is available. Line diagrams of large
concept lattices might become less readable up to the
point that it is impossible to pursue the line segments
with the eyes. Nested line diagrams give the oppor-
tunity to overcome these difficulties. The main idea of
nested line diagrams is to partition the line diagram into
boxes so that line segments between two boxes are all
parallel and may be replaced by one line segment. The
possibility to draw line diagrams with more than two
factors does allow it to describe concept lattices with
many hundred or thousand concepts in a clear struc-
ture. In practice it has often been proven useful to take

standardized scales for the single levels. {Author)

1 Introduction

A frequently used method of data analysis is to de-
scribe structures of data with graphic representa-
tions. In Formal Concept Analysis data are rep-
resented by line diagrams. These line diagrams of
concept lattices should not only reflect the mathe-
matical structure, but also give a meaningful pre-
sentation for the data. If data sets are more exten-
sive — as often in the social sciences and economics
— the concept lattices will become also larger. Line
diagrams oflarge concept lattices might become less
readable up to the point that it is difficult or impos-
sible to identify line segments and their endpoints.
In the following article we will show the method of
the nested line diagrams to overcome these prob-
lems. Nested line diagrams are first described in
[8]. Certainly it would exceed the extent of this ar-
ticle to describe and to explain all methods of For-

mal Concept Analysis; for further information see
[3, 6, 8,9, 11, 12, 13].

First {section 2) we represent the theoretical foun-
dations of nested line diagrams. Then we demon-
strate (section 3) with the help of an example the
single steps which have to be done to come from a
many-valued context to a nested line diagram. Fi-
nally (section 4) we illustrate the possibilities of this
method of evaluation by using two examples, which
were taken from a questioning of a large numberx of
pensioners.

2 Nested Line Diagram

The main idea of nested line diagrams is to partition
the line diagram into boxes so that line segments be-
tween two boxes are all parallel and may be replaced
by one line segment between the two boxes. The
original line segments cau be recognized by their
endpoints which are assumed to coincide after tans-
lating one box onto another. A double line segment
between two boxes means that each element of the
upper box is greater than all elements of the lower
box. Figure 2 shows a normal line diagram. Figure
3 and 4 represent nested line diagrams of the same
concept lattice.

From the viewpoint of data analysis, the question
arises: How can one determine meaningful parti-
tious of the concept lattices which yield nested line
diagrams? An answer can be derived from the fol-
lowing proposition [8].

Proposition 1 Let K := (G,M,i) be a context and
let M =M, U...UM,. Then

(A, B)— ((BnM), BN M),...,
(BN M,), BNM,))

for all (A, B) € B(K) describes an isomorphism
p from B(K) onto a subdirect product of the
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\/-semilattices B := (G,M;, ING x M;) (i = 1,2,
co, )

A nested line diagram with two factors is designed
in the following way: In the first step we partition
the set of the attributes: M = M,; U M,. Thereby
it is important for the interpretation of the data
that the chosen sets of attributes M; are meaning-
ful with respect to the evaluation. In the second
step the line diagrams of the subcontexts K; :=
(G,M;,ING x M;)(i = 1,2) are drawn and la-
belled with the names of the objects and attributes,
as usual. In the third step we draw as an auxil-
iary structure a nested line diagram of the direct
product of the concept lattices 23(K;). This is done
in the following way: we take first the line dia-
gram of the concept lattice B(I;) and blow up the
small circles to congruent boxes in each we draw
the same diagram of the second factorB(K,). Then
the circles for every concept vg (g € G) are located
as follows: In the box which represents the con-
cept ({9} NM;) {9} N M,) we localize the circle
of the concept(({g} O M,)',{g}' N M3). In accor-
dance to the ‘Basic Theorem on Concept Lattices’
79 is supremum~dense in B(K). One can get all cir-
cles of the nested line diagram if one constitutes all
suprema of the described concepts «yg (g € G). The
concepts of the subdirect product are distinguished
and the other circles and the superfluous line seg-
ments eventually are erased.

3 An Example

The following example is based on the data of a
questioning of a large number of pensioners. In this
survey a total of 340 pensioners — aimong them 260
women — were asked about their social situation.
Most of the data in this questioning is of a qualita-
tive nature, but some data is quantitative, like the
age of the pensioners, the number of children and
grandchildren etc.

The collected data can be interpreted as a for-
mal context. The units of the questioning are the
objects and the answers give rise to the attributes.
This leads to a many-valued context, which, in gen-
eral, is defined as a quadruple (G, M, W, I), where
G, M and W are sets and I a tenary incidence rela-
tion (i.e. I C G x M x W) such that (¢g,m,w) € I
and (g, m, v) € I always imply v = w (see [3, 4]). If
(9,m,w) € I we say: the object g has the attribute
m with the value w.

The first example describes how many children
and grandchildren the married female pensioners
have. Therefore our many-valued context has only
two attributes, namely children and grandchildren.
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The labels of the objects show a peculiarity. Nor-
mally every object has its own label. In this case
the names of the objects give information about the
frequency of a combination of the attributes existing
in our data set. For example, the label 11 means in
this context that 11 married female pensioners have
neither a child nor a grandchild. Combinations with
frequency 0 are not objects of the context.

A £
S5 8 g
v o c. .t 5
L 'Ef:i‘,f%z;ﬁim
LT} BN g € X x X X X
i crphbiifusy
117070 n|”
310 IIX|X[X
Lj2)0 o [XIXIx
711 [ 7IX[XIX X
82| 8| [XIXIX X
UEXE I B
1 s X[XIX|X
1l LIXIXIx X
7122 7 (XXX X
7(3]2 71| IXIX|X X
e[ 2]3 e |X|xix ™
11313 | IXIXIX] )
1 2[4 XXX X
UEID 1 XXX X
1] 1 XX Y4
2[5 XXX X
2| ¢le i XXX 4

Figure 1: Many-valued context and derived
context

To draw a line diagram we first have to transform
the many-valued context into a one-valued context
by the methods of conceptual scaling. The latter is
called the derived context of the many-valued con-
text. The methods of conceptual scaling are de-
scribed in [2, 4, 5]. In the example the nominal scale
Ny, stands for the attribute ‘Grandchildren’ (Enkel)
and the interordinal scale l4 stands for the attribute
‘Children’ (Kinder). After conceptual scaling the
derived context has 11 one-valued attributes.

Now we have to decide about the partition of
the one-valued attributes. In this case we settle
on the partition which is given by the two selected
scales, because another partition in our opinion is
not meaningful. In a second step we have to decide
which subcontext describes the outer line diagram.
The determination depends on the aims of the eval-
uator. If we want a general view of the number of
the children which the interviewed female pension-
ers have, we choose for the subcontext children as
the outer line diagram. Is the general question, how
many grandchildren the married female pensioners
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Figure 2: Offspring of the female pensioners 60 years and older
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Figure 3: Children and grandchildren of the married female pensioners 60 years and older
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have, than we select the subcontext grandchildren
as the outer line diagram. For both decisions the
nested line diagrams are drawn: figure 3 shows the
first and figure 4 the second alternative.

In contrast to the normal line diagram the nested
line diagrams are drawn with two kinds of circles.
The bigger oiies are the concepts of the main con-
text. The small circles show the concepts of the
direct product which are not concepts of the pre-
sented context. For doing we have two reasons. The
more f{ormal one is that a nested line diagram with
these auxiliary line segments and circles.has a bet-
ter readability. The second one is meaningful: it is
important to have this information explicitly. This

shows for the evaluation which concepts are relevant

for the interviewed persons and which are not. For
example we can see explicitely in figure 3 that there
exists no female pensioner who has one child and
three grandchildren.

4 The Use of Nested Line Di-
agrams

The second example will give a deeper insight into
the possibilities of evaluation with nested line di-
agrams. In this example we want to analyze the
activities of the female pensioners in their private
life. It is our aim to evaluate this question in con-
nection with the marital status. :

In the. questionaire for the marital status there are
three given categories for the interviewed persons
to answer: ‘Married’ (verheiratet), ‘Single’ (allein-
stehend) and ‘Widowed’ (verwitwet). For the ac-
tivities in private life there are five given opportu-
nities for answering: . ‘Hobby’ (Hobby), ‘Assistance
in the garden’ (Mithilfe im Garten), ‘Assistance in
the house or family' (Mithilfe im Haus bzw. in der
Familie), ‘Assistance in the kitchen’ (Mithilfe bei
der Kiichenarbeit) and ‘Assistance in caring for the
children’ (Mithilfe bei der Kinderbetreuung). The
interviewed persons only need to mark these possi-
bilities, which play a part in their private life. On
that account we have not a many-valued context
with 2 attributes, but a one-valued context with 8
attributes.

The construction of a nested line diagram has to
follow two main principles, which sometimes com-
pete with one another:

1. To have a clear and well readable structure.

2. To be a meaningful structure with respect to
the aims of the evaluation.

To perform these principles as far as possible the
attributes of the example are partitioned into the

Int. Classif. 18(1991)No.1
W.XKollewe: Data Representation by Nested Line Diagrams

following two subsets: the marital status and the

activities in private life.

The attributes of the marital status create the
outer line diagram, which is isomorphic to the
boolean lattice B;. The attributes of the activities
in private life form a lattice, which is embedable in
the boolean lattice Bs.

Before interpreting the data, it has to be pointed
out that the collected data s not corrected in any

_ way, which is_a principle of Formal Concept Anal-

ysis. In other words the drawn line diagrams show

all combinations of answers which are given by the

interviewed pensioners. So the nested line diagram
has to fulfill two important functions:

1. To show incorrect answers or misunderstand-
ings by the interviewed persons.

2. To uncover the structure of the collected data.

The clear structure of the line diagram (figure 5)

immediately shows that a large number of the in-
terviewed persons have misunderstood the intention
of the question marital status. The intention of this
question was to get information about the actual
marital status. But a part of the questioned pen-
sioners marked more than one alternative; they give
an answer about every marital status they have had
in their life. So we can interpret the answer of a fe-
male pensioner who has marked widowed and single
in the following way: this woman was formerly mar-
ried, her husband died and now she lives alone. In
our nested line diagram we find a group of pension-
ers who have answered in the described way. About
this group of persons. we have not only the knowl-
edge-of the actual marital status but also the infor-
mation about every marital status they have had
in their life. An early correction of the data via a
check of plausibility would have deprived us of this
knowledge.

The nested line diagram shows that a big part
of female pensioners neither have a hobby nor they
do practice any other activity in their private life.
This fact is relatively independent of the actual mar-
ital status. We can recognize this fact in the clear
structure of the outer line diagram. Another de-
tail, which is also observed very quickly is that very
few persons have marked all possibilities. Further-
more the nested line diagram shows that if female
pensioners practice any kind of activity that this ac-
tivity is not the only one they carry out. But the
attribute ‘Hobby’ chosen by the female pensioners
often stands alone.

We recognize in this nested line diagram with two
factors that the line diagram inside the boxes has
a complex structure, which is still readable. Never-
theless this example also shows the limitation of the
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Figure 4: Grandchildren and children of the married female pensioners 60 years and older

applicability of the two fold nested line diagrams.
To overcome this difficulty and to be able to rep-
resent contexts with several thousand of concepts
we have to partition the attributes in more than
two subsets. Our next example will give an im-
pression how a manifold nested line diagram can be
constructed.

The question which had led to the construction of
this nested line diagram was: Who nurses the pen-
sioners needing care and how much additional phys-
ical strain does the nurse has to stand in her/his pri-
vate life. The first factor of this fivefold iested line
diagram is the age of the pensioners. This many-
valued attribute is scaled with the nominal scale
N7 with intervals of five years. The second factor,
the sex of the questioned persons, is scaled with
the dichotomic scale B. The third factor shows by
whom the pensioners are nursed, if they are not able
to look after themselves. In the questionaire there
are three alternatives: ‘Social ward’ (Sozialstation),
‘Relatives’ (Angehorige) and ‘Daughter/Daughter-
in-law’ (Tochter/Schwiegertochter).  These pos-
sibilities are one-valued and it was possible to
mark more than one. The fourth factor is of a
more complicated structure. There we have split-
ted the attribute ‘Daughter/Daughter-in-law into
three attributes: ‘Daughter’, ‘Daughter-in-law’ and
‘Daughter or daughter-in-law’. The third possibil-
ity was for those persons who have not specified
the attribute more precisely. At the same level the
attributes ‘Nurse has to support a family’ (Pfle-
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gende(r) hat Familie zu versorgen) and ‘Nurse has
another occupation’ (Pflegende(r) geht einem Beruf
nach) are represented. The last factor of our nested
line diagram gives information about the time which
the person, who nurses a pensioner, works in his
normal occupation. This is an important fact for
the evaluation if the pensioner is nursed in his fam-

ily.

To split the attributes in such a way is surely
meaningful. Another evaluator may partition the
attributes in another way and gets another nested
line diagram. We think the selected partition is use-
ful for the given evaluation aims. One can easily see
that the most female pensioners at the age of 70 -
74 years do not need any nursing. Next we see that
the female pensioners of this age, who are not able
to look after themselves, are nursed mostly by the
daughter or daughter-in-law. Very often this daugh-
ter or daughter-in-law is a housewife or mother or
both and in the same time has an occupation. In
some cases she has to work more than twenty hours
a week in her job.

The direct product of this five concept lattices
has 12 960 concepts, but as we have seen the con-
nected nested line diagram is still easy to read. If
the concept lattice has even more concepts than our
example, there is the possibility to include further
factors to describe it. To take scales as factors for
the single level is a natural choice. We use the des-
ignation ‘scale’ for such contexts which have a clear
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Figure 5: Activities in private life women 60 years and older
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Figure 6: Pensioners who are needing care

structure and reflect some meaning. Thereby scales
fulfill our above mentioned principles to be clear and
to have a meaning. For many kinds of data stan-
daxdized scales have been proven as useful. This
also shows our example. We have taken standard-
ized scales of ordinal type for the first, the second
and the fifth factor.

It is normal to draw the line diagrams in one pic-

ture. In the present example we have deviated from
this principle. The line diagram was splitted into

two line diagrams: one with two factors and one
with three factors. The attributes ‘Age’ and ‘Sex’
of the pensioners construct the nested line diagram
with two factors. The outer line diagram' was built
of the attribute ‘Age’. In contrary to a normal two
fold nested line diagram the line diagram inside the
large boxes gives no information about the single ob-
jects. There we find only a reference to the (nested)
line diagram, which is normally drawn inside this
box. This method of proceeding is based on the
idea of a general map where we find the references
to the single town maps. The general map does
not give any information about the streets of a city.
This information is found in the city map. Our gen-
eral map is the nested line diagram which is formed
of the attributes age and sex of the pensioners. A
small example to illustrate this fact: If we want to
receive information about the situation of nursing
of the female pensioners who are between 70 and
74 years old, we must look first to the large box for
pensieners between 70 and 74 years and than inside
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the small box ‘Women’ (Frauen). There we find the
reference to the nested line diagram which gives in-
formation to our question. The nested line diagram
where we find our concepts is drawn in the normal
way and can be read as usual. This drawing tech-
nique offers the possibility to construct nested line
diagrams without any restriction of the size of the

paper.

This kind of nested line diagram needs a special
method of labelling. Normally the name of an at-
tribute is written at the circle of the concept with
the smallest intent containing the attribute. To in-
crease the readability of the line diagram we de-
viate from this method. In the example the sub-
diagram was completely labelled with the names of
the attributes. A possibility to differentiate between
names which come from the above lying boxes and
names which belong exactly to the concept where
they are labelled is to take two types of characters
for labelling. This differentiation is not done in our
example,

Altogether it can be said that manifold nested
line diagrams open up the possibility to visualize
structures of large data sets. We have seen that the
way to pattition the attributes is of high importance
for the clearness and readability of the nested line
diagram. The last example has illustrated that the
possibility to draw the nested line diagram onto sev-
eral sheets of paper permits to visualize very large
data sets with many thousand of concepts. The only
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restriction of this method is given by the wealth of
imagination of the evaluator.
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